[Introduction] Skyrme showed that particle-like topological excitations can be stable in certain types of continuous non-linear fields, and can account for the existence of protons and neutrons in the field of pions 1 . When one considers a continuous vector field m in three dimensions of fixed magnitude (i.e., m S 2 ), a
Skyrmion is roughly understood to be a localized variation in the field, in which m rotates continuously through an angle π or π/2 (in the case of a half Skyrmion) from its center to its boundary. Figure 1a illustrates the vector field profile of a half-Skyrmion.
Though the original idea of Skyrme was applied to a continuous field of pions to explain the existence of protons and neutrons 1 as mentioned above, Skyrmions have found a place in a wide variety of fields of physics, in particular in condensed matter systems. In the mid-1990s Skyrmions were predicted and observed in quantum Hall devices 2, 3, 4 , with the realization that quantum effects are best understood in terms of topological features. Later, spinor Bose-Einstein condensates were shown to accommodate Skyrmions due to the internal spin degrees of freedom 5, 6, 7 . More recently, great attention has been paid to Skyrmions in helical ferromagnets 8 such as MnSi 4, 9, 10 and Fe 1-x Co x Si 11,12 characterized by a lack of inversion symmetry (chirality) and the presence of Dzyalonshinskii-Moriya spin-orbit interaction. Skyrmions in chiral ferromagnets could stimulate potential applications, because local twisted magnetic structures coupled to electric or spin currents could be used to manipulate electrons and their spins.
Among the intriguing features of helical ferromagnets is their similarity 9,13,14 to cholesteric blue phases (BPs) in chiral liquid crystals 15 . BPs have attracted much interest as one of the fascinating non-trivial structures in condensed matter systems, where the unit vector n, known as the director that denotes the average orientation of liquid crystal molecules, exhibits three-dimensional ordering. The delicate balance between the local preference for a double-twist structure over a single-twist in a helical phase and the global topological constraint that prevents a double-twist structure from filliing the whole space without introducing discontinuities yields three-dimensional regular stacks of so-called double-twist cylinders 15 ( Fig. 1b) Here we show theoretically, with the aid of numerical calculations, that a highly chiral liquid crystal can be host to a stable quasi-two-dimensional Skyrmion lattice when it is confined to a thin film between two parallel plates imposing normal alignment (anchoring) at the surfaces. It should be stressed that liquid crystals possess head-tail symmetry, thus n is equivalent to -n, therefore, in comparison to magnets, they allow for a wider variety of ordered structures. Our present study is motivated by our discovery of a wide variety of ordered structures in a confined chiral liquid crystal 17, 18 , and a very recent real-space observation of regular Skyrmion lattices in a the difference between the local nature of the surface anchoring and the long-range nature of the electric field should be stressed. Moreover, the confinement does not allow screw axes to arise 17 , which are required for some observed and proposed bulk hexagonal structures 19, 20, 21, 22 . Indeed, structures seen in Figs. 2b and f cannot exist as bulk ones. It is interesting to note that in Fig. 2d , four-arm junctions of topological defects can be seen clearly, reminiscent of those in BP II (Fig. 1d) . Here, and also in [Phase diagram] In Fig. 2g , we present the phase diagram with respect to temperature T and film thickness d. For higher temperatures, i.e., T-T * 0.25K, an alignment normal to the confining surfaces with reduced ordering in the middle of the system is the most stable state (we will refer to this state as NA or "normal alignment").
Note that the orientational order in the NA state is induced by confining surfaces 23 ; the temperature is too high to allow orientational order in the bulk. In the case of a lower temperature or small d, a helical orientational order corresponding to a cholesteric phase, whose pitch is parallel to the confining surfaces, attains thermodynamic stability (often referred to as "uniform lying helix (ULH)" ). In between the normal alignment state and ULH, structures presented in Figs. 2a-f can be thermodynamically stable. For smaller d, a 2D hexagonal Skyrmion lattice (Fig. 2a) is energetically preferable. For larger d, thermodynamic stability of hexagonal structures (Fig. 2b ) and rectangular structures (Fig. 2d ,e) depends on temperature; the former is more stable for higher temperatures.
The stable regions for centered-rectangular structures (Fig. 2c ) and for fragmented defects ( Fig. 2f) are limited in extent.
[Discussion] Here we discuss the similarities and differences between the 2D
hexagonal Skyrmion lattice in Fig. 2a , and the square one in Ref. 8 From the phase diagram presented in Fig. 2g , it is clear that if one wishes to observe 2D hexagonal Skyrmion lattices, the temperature must be carefully controlled within a range of 0.5K at most, just as BPs in the bulk are in most cases stable over a 1K temperature range 15 . The stable temperature range of rectangular Skyrmion lattices is relatively large, compared to hexagonal lattices.
We find from a separate calculation that the thermodynamic stability of 2D
hexagonal Skyrmion lattices is significantly reduced when the chirality of the liquid crystal is lower (larger cholesteric pitch). This observation corresponds to the wellknown fact that cholesteric blue phases can be found only in highly chiral liquid crystals 15 . Notice also that with weak surface anchoring, a structure similar to a bulk blue phase is the most stable 17 , because the surfaces disturb little the bulk structure.
Together with the phase diagram in Fig. 2g , we conclude that for the observation of 2D Skyrmion lattices in a chiral nematic liquid crystalline system, the following conditions must be fulfilled: (1) high chirality, (2) accurate temperature control (close to the transition towards the isotropic phase), and (3) very small film thickness with strong surface anchoring.
Finally we comment on the possibility of observing the structures discussed here experimentally. The transition from a rectangular to a hexagonal structure induced by a temperature change would be clearly detected by scattering experiments. Transmission electron microscopy with a freeze fracture technique 24 could help identify the orientational profile of a confined liquid crystal together with its spatial symmetry. A more recent and promising technique that allows real-space observation is confocal microscopy, which has been applied to observe a bulk blue phase 25 , and defect structures in simple nematics and cholesterics 26 . We note that liquid crystals have been exploited for modelling physical systems that are difficult to access experimentally and in which topology plays a substantial role 27, 28 . Experimental observation of liquid crystalline Skyrmion systems could also shed light on the properties of other experimentally demanding Skyrmion systems, for example, two-dimensional electron gases exhibiting quantum Hall effect, spinor Bose-Einstein condensates, and chiral ferromagnets, and clarify the similarities and differences between these systems. We thus encourage experimental studies for the observation of Skyrmion lattices in a liquid crystal. Further theoretical studies may be devoted to several interesting but challenging problems on, say, the dynamics of phase transitions induced by temperature change, and possible effects of thermal fluctuations on the stability of Skyrmion structures 10 . We further note that photopolymerization, which was applied to the stabilization of BPs 16 , could open a route to various Skyrmion structures stable over a wide temperature range.
The Skyrmion structures could be templates for assembling complex structures of colloidal particles that can be further stabilized by photopolymerization for possible photonic applications. 
where W is the anchoring strength, and is the order parameter preferred by the surface, with ν being the surface normal vector and Q 0 being the degree of surface order. In the present study Q 0 is chosen such that (Q s ) ij minimizes f local for T=T * .
[Calculation of the orientation profile] We consider a thin film of a liquid crystal confined by two parallel flat surfaces separated by a distance d. When we take the z axis normal to the surfaces, the total free energy F is given by
. To obtain the orientational order profile minimizing F numerically, we relax not only the order parameter Q ij but also the shape and size of the numerical system (imposing periodic boundary conditions in the xy plane), using the 
